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In self-supervised learning (SSL), representations are learned via an auxiliary task without
annotated labels. A common task is to classify augmentations or different modalities of the
data, which share semantic content (e.g. an object in an image) but differ in style (e.g. the
object’s location). Many approaches to self-supervised learning have been proposed, e.g.
SimCLR, CLIP, and DINO, which have recently gained much attention for their represen-
tations achieving downstream performance comparable to supervised learning. However, a
theoretical understanding of self-supervised methods eludes. Addressing this, we present a
generative latent variable model for self-supervised learning and show that several families of
discriminative SSL, including contrastive methods, induce a comparable distribution over
representations, providing a unifying theoretical framework for these methods. The proposed
model also justifies connections drawn to mutual information and the use of a “projection
head”. Learning representations by fitting the model generatively (termed SimVAE) improves
performance over discriminative and other VAE-based methods on simple image benchmarks
and significantly narrows the gap between generative and discriminative representation learn-
ing in more complex settings. Importantly, as our analysis predicts, SimVAE outperforms
self-supervised learning where style information is required, taking an important step toward

understanding self-supervised methods and achieving task-agnostic representations.

1 Introduction

In self-supervised learning (SSL), a model is trained to perform an auxiliary task
without class labels and, in the process, learns representations of the data that are
useful in downstream tasks. Of the many approaches to SSL (e.g. see Ericsson et al.,
2022), contrastive methods, such as InfoNCE (Oord et al., 2018), SImCLR (Chen
et al., 2020a), DINO (Caron et al., 2021) and CLIP (Radford et al., 2021), have gained
attention for their representations achieving downstream performance approaching
that of supervised learning. These methods exploit semantically related observations,
such as different parts (Mikolov et al., 2013; Oord et al., 2018), augmentations
(Chen et al., 2020a; Misra & Maaten, 2020), or modalities/views (Baevski et al.,
2020; Radford et al., 2021) of the data, considered to share latent semantic content
(e.g. the object in a scene) and differ in style (e.g. the object’s position). SSL
methods are observed to “pull together” representations of semantically related
samples relative to those chosen at random and there has been growing interest
in formalising this to explain why SSL methods learn useful representations, but
a mathematical mechanism to justify their performance remains unclear.
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IThe code to reproduce SimVAE can be found at https://github.com/alicebizeul/simvae
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Figure 2: The representation space Z of self-supervised representation learning. (left) common view:
representations of pairs of semantically related data (e.g. augmentations of an image) are pulled together
(grey arrows), while other pairs pushed apart (red arrows); (right) probabilistic view: representations of
semantically related data are samples from a common mixture componentzl  p(zjy = i). Maximising

ELBOss. pulls Z towards a mode for eachi (grey dots), clusters are held apart by the need to reconstruct.

We propose a principled rationale for multiple self-supervised approaches, spanning instance discrimination
(Dosovitskiy et al., 2014), deep clustering (Caron et al., 2018) and contrastive learning, including the popular
InfoNCE loss (Chen et al., 2020a; Radford et al., 2021) (referred to apredictive SSL). We draw a connection
between these theoretically opaque methods and tting a latent variable model by variational inference. More
speci cally, we: i) treat representations as latent variables and vice versa; ii) propose the SSL Model (Fig. 1)
as a generative latent variable model for SSL and derive its evidence lower bound (ELB&3, ); and iii) show
that the discriminative loss functions of predictive SSL algorithms approximate the generative ELBOss., up
to its generative reconstruction term.

Under the SSL Model, data is assumed to be generated by sampling: i) a high-level latent variablg p(y),
which determines the semanticcontent of the data; ii) a latent variable z p(zjy), which governs thestyle
of the data and gives rise to di erences between semantically related samples (i.e. with samg; and iii)
the data x p(xjz). Under simple Gaussian assumptions, latent variables of semantically related data form
clusters,zZl  p(zjy); j 2[1;J] (Fig. 2, right), mirroring in a principled way how SSL objectives pull together
representations of semantically related data and push apart others (Wang & Isola, 2020) (Fig. 2,left).

We derive the evidence lower bound, ELBQsg,, as a training objective to t the SSL Model and show that it
closely relates to the loss functions ofliscriminative predictive SSL methods. Thus, predictive SSL methods
induce comparable latent structure to the mixture prior p(z) of the SSL Model, but dier in that they
encourage latent clustersp(zjy) to collapse and so lose style information that distinguishes semantically
related data samples (see Figures 3 and 4). Given that a downstream task may require style information, e.g.
for object localisation, this could limit the generality of SSL-trained representations.

Having proposed the SSL Model and its ELBO as a theoretical rationale behind self-supervised learning,
we anticipate that directly maximising ELBO ss; (termed SimVAE) should give comparable or improved
representations. However, it is well known that, at present, generative modelling brings additional challenges
relative to discriminative modelling (He et al., 2022), making results of discriminative methods a benchmark
to aspire to and VAE-based generative methods a relevant point of comparison. As such, we show that
SIMVAE representations i) consistently outperform other VAE-based representations on downstream tasks; ii)
compare to or even outperform predictive SSL methods at downstream classi cation on simple benchmark
datasets (MNIST, FashionMNIST and CelebA); iii) signi cantly bridge the gap between generative and
discriminative methods for content classi cation on more complex datasets; and iv) consistent with our
analysis, outperform discriminative methods on tasks that require style information.

Overall, our results provide empirical support for the SSL Model as a mathematical basis for self-supervised
learning and suggest that SSL methods may over t to content classi cation tasks. They also indicate that
generative SSL may be a promising approach to task-agnostic representation learning if distributions can be
well modelled, particularly given the potential added bene ts of: uncertainty estimation from the posterior, a
means to generate novel samples and qualitatively assess captured information from reconstructions, and to
model arbitrary sets of semantically related data, not only pairs.
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To summarise our main contributions:

" we propose the SSL Model (Fig. 1) and its ELBO as a theoretical basis to justify and unify predictive SSL,
several families of self-supervised learning algorithms, including popular contrastive methods (Y3);

we show that the SSL Model predicts that discriminative methods losestyle information and rationalises:
the view that SSL methods pull together / push apart representations, a perceived link to mutual
information, and the use of a projection head (Y4); and

we show that SImVAE representations, learned generatively by maximising ELBQs,, outperform predictive
SSL methods atcontent prediction on simpler benchmarks and at tasks requiringstyle information across
multiple benchmarks (+14:8% for CelebA); and signi cantly outperform previous generative (VAE-based)
methods on content classi cation tasks ¢ 15% on CIFAR10), including one tailored to SSL (Y7).

2 Background and Related Work

Representation Learning  aims to learn a mappingf : X !Z (an encoder) from data x 2X to representations
z=f(x)2Z (typically jZj <jXj) that perform well on downstream tasks. Representation learning is not well
de ned in that downstream tasks are arbitrary and good performance on one may not mean good performance
on another (Zhang et al., 2022). For instance, image representations are commonly evaluated by predicting
semantic class labels, but the downstream task could instead be to detect lighting, position or orientation,
which representations useful for predicting class may not capture. This suggests thagjeneral-purposeor
task-agnosticrepresentations should capture as much information about the data as possible, as supported by
recent works that evaluate on a range of downstream tasks (e.g. Bala®evi¢ et al., 2023).

Self-Supervised Learning includes many approaches that can be categorised in several ways (e.g. Balestriero
et al., 2023; Garrido et al., 2022). The SSL methods that we focus onpfedictive SSL ) are de ned below:

Instance Discrimination (Dosovitskiy et al., 2014; Wu et al., 2018) treats each data pointx; and any of its
augmentations as samples of a distinct class labelled by the indeix A softmax classi er (encoder + softmax
layer) is trained to predict the class label (i.e. index) and encoder outputs are taken as representations.

Latent Clustering performs clustering on representations. Song et al. (2013); Xie et al. (2016); Yang et al.
(2017) apply K-means, or similar, to the hidden layer of a standard auto-encoder. DeepCluster (Caron et al.,
2020) iteratively clusters ResNet encoder outputs by K-means and uses cluster assignments as pseudo-labels
to train a classi er. DINO (Caron et al., 2021), a transformer-based model, can be interpreted similarly as
clustering representations (Balestriero et al., 2023).

Contrastive Learning encourages representations of semantically related data (positive samples) to be close
relative to those sampled at random (negative samples). Early SSL approaches include energy-based models
(Chopra et al., 2005; Hadsell et al., 2006); and word2vec (Mikolov et al., 2013) that predicts co-occurring
words and encodes their pointwise mutual information (PMI) in its embeddings (Levy & Goldberg, 2014; Allen

& Hospedales, 2019).InfoNCE (Oord et al., 2018; Sohn, 2016) extends word2vec to other data domains. For
a positive pair of semantically related samples(x; x*) and randomly selected negative sampleX =fx, gf_; ,
the InfoNCE objective is de ned by:

esim(z;z*)

Lince = Exx+x logP 0 1)

x02f x* g[ X esim(z
where sim( ; ) is a similarity function, e.g. dot product. The InfoNCE objective (Eqg. 1) is optimised if
sim(z;z% = PMI(x;x% + ¢, for some constantc (Oord et al., 2018). Many works build on InfoNCE, e.g.
SImCLR (Chen et al., 2020a) uses synthetic augmentations and CLIP (Radford et al., 2021) uses di erent
modalities as positive samples; DIM (Hjelm et al., 2019) takes other encoder parameters as representations;
and MoCo (He et al., 2020), BYOL (Grill et al., 2020) and VicREG (Bardes et al., 2022) nd alternative
strategies to negative sampling to prevent representations from collapsing.

Due to their wide variety, we do not address all SSL algorithms, in particular those with regression-style
auxiliary tasks, e.g. reconstructing data from perturbed versions (He et al., 2022; Xie et al., 2022); or
predicting perturbations, e.g. rotation angle (Gidaris et al., 2018).
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Variational Augp-Encoder (VAE). For a generative latent variable modelz! x, parameters of a
modelp (x)= , p (xjz)p (2) can be learned by maximising the evidence lower bound (ELBO)
Ex logp(x)  Ex logp () Ex g (zx)log 20202 (ELBO)
z a (zjx)
where q (zjx) learns to approximate the model posteriorp (zjx) = % Latent variables z can be

used as representations (Y4.1). A VAE (Kingma & Welling, 2014) maximises the ELBO, withp , ¢ modelled
as Gaussians parameterised by neural networks. A-VAE (Higgins et al., 2017) weights ELBO terms to
increase disentanglement of latent factors. A CR-VAE (Sinha & Dieng, 2021) considers semantically related
samples through an added regularisation term. Further VAE variants are summarised in Appendix A.1.

Variational Classgcation (VC). Dhuliawala et al. (2023) de ne a latent variable model for classifying
labelsy, p(yjx)= , a(zjx)p(yjz), that generalises softmax neural network classi ers. The encoder is interpreted
as parameterisingq(zjx); and the softmax layer encode9(yjz) by Bayes' rule (VC-A ). For continuous data
domains X, e.g. images,g(zjx) of a softmax classi er (parametersised by the encoder) is shown to overt to a
delta-distribution for all samples of each class, and representations of a class collapse together (recently
termed neural collapse , Papyan et al., 2020), losing semantic and probabilistic information that distinguishes
class samples and so harming properties such as calibration and robustnes#d-B ).?

Prior theoretical analysis of SSL. There has been considerable interest in understanding the mathemat-
ical mechanism behind self-supervised learning (Arora et al., 2019; Tsai et al., 2020; Wang & Isola, 2020;
Zimmermann et al., 2021; Lee et al., 2021; Von Kugelgen et al., 2021; HaoChen et al., 2021; Wang et al.,
2021; Saunshi et al., 2022; Tian, 2022; Sansone & Manhaeve, 2022; Nakamura et al., 2023; Shwartz-Ziv et al.,
2023; Ben-Shaul et al., 2023), as summarised by HaoChen et al. (2021) and Saunshi et al. (2022). A thread
of works (Arora et al., 2019; Tosh et al., 2021; Lee et al., 2021; HaoChen et al., 2021; Saunshi et al., 2022)
aims to prove that auxiliary task performance translates to downstream classi cation accuracy, but Saunshi

et al. (2022) prove that to be impossible for typical datasets without also considering model architecture.
Several works propose an information theoretic basis for SSL (Hjelm et al., 2019; Bachman et al., 2019; Tsai
et al., 2020; Shwartz-Ziv et al., 2023), e.g. maximising mutual information between representations, but
Tschannen et al. (2020); McAllester & Stratos (2020); Tosh et al. (2021) raise doubts about this. We show
that this apparent connection to mutual information is justi ed more fundamentally by our model for SSL.
The previous works most similar to our own are those that take a probabilistic view of self-supervised learning,
in which the encoder approximates the posterior of a generative model and so can be interpreted to reverse
the generative process (e.g. Zimmermann et al., 2021; Von Kiigelgen et al., 2021; Daunhawer et al., 2023).

Figure 3: Assessing the information in representations. Original images (left cols) and reconstructions
from representations learned by generative unsupervised learning (VAE, -VAE, CR-VAE), generative SSL

(our SIMVAE) and discriminative SSL (SImCLR, VicREG) on MNIST ( |), Fashion MNIST (r). Discriminative

methods lose style information (e.g. orientation).

2|n practice, constraints such as |, regularisation and early stopping arbitrarily restrict this optimum being fully attained.
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3 A Probabilistic Model for Self-supervised Learning

Here, we propose a latent variable model for self-supervised learning, referred to as the SSL Model, and its
evidence lower bound, ELBGs,, as the rationale behind predictive SSL methods.

We consider the data used for predictive SSLX = SiNzl Xi, as a collection of subsets; = fx! g of semantically
related data, where x} 2X may, for example, be di erent augmentations, modalities or snippets (indexed ) of
data observationsx;.2 All x’i 2 X; are considered to have some semantic information in common, referred to
as content, while varying in what we refer to as style, e.g. mirror images of an object re ect the same object
(content) in di erent orientations (style). A hierarchical generative process for this data, the SSL Model, is
shown in Fig. 1. Under this model, a subset of J semantically related data samples is generated by sampling:
() y p(y), which determines the common semantic content, (i)’  p(zjy), conditionally independently for
j 2 [1;J], which determine the style of eachx! (given the samey), and (iii) each x} p(xjz); hence
Zy Y
p(xjy) = p(x'j2') p(Z'jy) )
zZj=1 j=1

wherez =z gle andy, which de nes which x are semantically related, is known, i.e.observed If distributions
in Eq. 2 are modelled parametrically, their parameters can be learned by maximising the evidence lower
bound to the conditional log likelihood (analogous to the standard ELBO),

#
Xz - 7
E log p(xjy) E q (Zjx') logp (X'jz") logq (Z'jx') + q (zjx)logp (zjy) ; (ELBO ssL)
’ ' j=l zl z
where the approximate posteriorq(zjx) Q q(Z/ jx}) is assumed to factoris€’. A derivation of ELBO sg is

given in Appendix A.2. Similarly to the standard ELBO, ELBOss. comprises: a reconstruction term, the
approximate posterior entropy and the (now conditional) log prior over all Z! 2 z.

By assuming that p(zjy) are unimodal and concentrated relative top(z) (i.e. Var[zjy] Var[z]; 8y), latent
variables of semantically related dataz! 2 z; form clusters and arecloser on average than random pairs just
as SSL representations are described. Thus, tting the SSL Mogel to the data by maximising ELBQs, ,
induces a mixture prior distribution over latent variables, pss (7) = y p(zjy)p(y) (Fig. 2, right), comparable
to the distribution over representations induced by predictive SSL methods (Fig. 2,left). This connection
goes to the heart of our main claim: thatthe SSL Model and ELBO s underpin predictive SSL algorithms
(Y2). To formalise this, we rst establish how discriminative and generative methods relate so that the loss
functions of discriminative predictive SSL methods can be compared to the generative ELBgx,. objective.

4 A Probabilistic Model behind Predictive SSL

So far, we have assumed that latent variables make useful representations without justi cation. We now
justify this by considering the relationship between discriminative and generative representation learning
(Y4.1) in order to understand how the generative ELBQg_ objective can be emulated discriminatively (Y4.2).
We then review predictive SSL methods and show how they each emulate ELB&§, (Y4.3).

4.1 Discriminative vs Generative Representation Learning

Standard classi cation tasks can be approacheddiscriminatively or generatively, de ned by whether or
not a distribution over the data space X is learned in the process. We make an analogous distinction for
representation learning where, whatever the approach, the aim is to train an encodef : X !Z so that
representationsz = f (x) follow a distribution useful for downstream tasks, e.g. clustered by classes of interest.

Under a generative modelz! x, latent variables z are assumed to determine semantic properties of the data,
which are predicted by the posteriorp(zjx). Thus, learning an approximate posteriorq(zjx) (parameterised by

3jx;j may vary and domains X! 3xJ| can di er with modality. _
4Expected to be reasonable for z! that carry high information about  x!, such that observing related xK or its representation
zK provides negligible extra information, i.e. p(z jxi ;x¥) p(zijx}).
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f) by variational inference o ers a generative route to learning semantically meaningful data representations.
Meanwhile, the predictive SSL methods of interest train a deterministic encoderf under a loss function
without a distribution over X and are considereddiscriminative. We aim to reconcile these two approaches.

To discuss both approaches in common terms, we note that a deterministic encodér can be viewed as a (very
low variance) posterior p; (zjX) z 1 (x)» Whichgwith p(x), de nes the joint distribution pr (x;z)= pr (zjx)p(x)
and the marginal over representationsp; (z)= | pr (X; z). Thus, in principle, an encoder can be trained so
that representations follow a useful distribution p (z) in one of two ways:

generatively, by optimising the ELBO for a generative model with prior p (z); or
discriminatively, by optimising a loss function that is minimised if (and only if) pf (z) p (2).

This de nes a form of equivalence between discriminative and generative approaches allowing our claim to
be restated as:predictive SSL methods induce a distribution pr (z) over representationscomparableto the
prior pss. (2) under the SSL Model.

4.2 Emulating a Generative Objective Discriminatively

Having seen in Y4.1 that, in principle, an encoder can be trained generatively or discriminatively so that
representations follow a target distribution p (z), we now consider how this can be achieved in practice for
the prior of the SSL Model, p = psg. -

While ELBO sg._ gives a principled generative objective to learn representations that tpss, (Z), a discriminative
loss that is minimised whenps (z)= pss. (2) is unclear. Therefore, using ELBGss. as a template, we consider
the individual e ect each term has on the optimal posterior q(zjx) (parameterised by encodeif ) to understand
how a discriminative (or p(xjz)-free ) objective might induce a similar distribution over representations.

Entropy : as noted in Y4.1, discriminative methods can be considered to have a posterior with very low
xed variance, q(zjx) 2 f(x), for which H[q] is constant and is omitted from a discriminative objective.

Prior : Eq[logp (zjy)] is optimal w.r.t. qi all related samplesx! 2 x map to modes ofp(zjy). For uni-
modal p(Zjy), this means representationsz’ 2 z collapseto a point, losing style information that distinguishes
x 2x.5 Since the prior term is not generative it is included directly in a discriminative objective.

Reconstruction : Eg[logp (xjsz: )] terms are maximised w.r.t.qi eachx! maps to adistinct representation
Z', which p (xjz') maps back tox!; countering the prior to prevent collapse In a discriminative objective,
this generative term is excluded, and is considereémulated by a term that requires z! to be distinct.

We see that ELBOsg includes a term acting to collapse clusterg(zjy) and another preventing such collapse,
which counterbalance one another when the full ELBQs_ objective is maximised. Since the reconstruction
term, p(xjz), must be excluded from a discriminative objective, a discriminative objective sg is considered
to emulate ELBOsgg, if it combines the prior term with a ( p(xjz)-free) substitute for the reconstruction term,
R (), that prevents representation collapse (t%oth between and within clusters), i.e.
h i
sst = Exy dzix)(log p(zjy) + R(z:x)) 3)
z

We can now restate our claim aspredictive SSL objectives have the form of Eq. 3 and so emulate ELBO sg.
to induce a distribution over representationscomparableto the prior psq (2) of the SSL Model (Fig. 1).

The analysis of ELBO terms shows that objectives of the form of Eq. 3 t the view that SSL pulls together

representations of related data and pushes apart others (e.g. Wang & Isola, 2020). That is, the prior pulls
representations to modes and theR( ) term pushes to avoid collapse. Thus ELBOss, , which underpins Eq.
3, provides the underlying rationale for this pull/push perspective of SSL, depicted in Fig. 2.

Lastly, we note that the true reconstruction in ELBO ss. not only avoids collapse but is a necessary component
in order to approximate the posterior and learn meaningful representations. We will see, as may be expected,
that substituting this term by R() can impact representations and their downstream performance.

5This assumes classesx; are distinct, as is the case for empirical self-supervised learning datasets of interest.
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4.3 Emulating the SSL Model with Predictive Self-Supervised Learning

Having de ned ELBO ss; as a generative objective for self-supervised representation learning angs, as a
discriminate approximation to it, we now consider classes of predictive SSL, speci cally instance discrimination,
latent clustering and contrastive methods, and their relationship to “ss_, and thus the SSL Model.

Instance Discrimination (ID) trains a softmax classi er on data samples labelled by their indexf (x{ Vi =

i)gij . From VC-A (Y2), this softmax cross-entropy objective can be interpreted under the SSL Model as

maximising a variational lower bound given by
Z Z

Exy [log p(yjx)] Exy  dzix)logp(yjiz) = Exy  dzix)(logp(ziy) logp(z)) +c: (4)

Eqg. 4 (RHS) matches Eq. 3 withd =1 and R( )= H[p(2)], the entropy of p(z), where z = f (x) are outputs of
the classi er encoder. Intuitively, maximising entropy (in lieu of the reconstruction term) might be expected
to avoid collapse, but although representations ) of distinct classes are spread apart, those within the same
class,z 2 z;, collapse together (VC-B, Y2).

Deep Clustering (DC) iteratively assigns temporary labelsy = ¢, ¢ 2 [1;C], to data x by clustering
representationsz output by a ResNet encoder; and trains the encoder together with a softmax head to predict
those labels. While subsetx of data with the same label are now de ned according to a ResNet's inductive
bias , the same loss is used as Eq. 4, having the form of Eq. 3 witd =1. Each cluster of representations
Zl 2 z again collapses together.

Contrastive Learning  based on the InNfoNCE objective (Eqg. 1), contrasts the representations of positive
pairs x = f x; x* g with those sampled at random. The InfoNCE objective is known to be optimised when
sim(z;29 = PMI(x;x% + ¢ (Y2). From this, it can be shown that for X %= fx*;x, ;i %, g X = X qf xg,

Z Z
. — . p_sim(zz*) ; p p(z"jz)=p(z")
Lince (6 X9 = Ex a (2jX)log 0, 05M(229) Ex 57 a (2)X)log 10, 20P(2%2)=p(2°)
. a(zx)log iy logk 1)
Z

Z
X .
= Ex  a (zjx)(log p(zjy) logp(z')) ¢ (5)
2 .
J
(See Appendix A.3 for a full derivation.) Here, p(z; z*) is the probability of sampling z;z* assuming that
x;x* are semantically related. Under the SSL Model this is denoted(z; z* jy) = p(zjy), hence the change in

notation for ease of comparison to Eq. 3. Thus, the InfoNCE loss lower bounds an objective of the form of
Eq. 3 with R()= H[p(z)] as in Eqg. 4, but with J =2 samples.

As a brief aside, we note that ID and DC considerd =1 samplex! at a time, computing p(zijyi; i) from
parameters ; stored for each class (weights of the softmax layer), which could be gemory iaensi\(e. However,
for J 2 samples, one can estimat@(z;jy;) without stored parameters asp(zijyi)= i p( i) J- p(Zjyi; i)=
s(zj) if ; can be integrated out (see Appendix A.4 for an example). Under this -free approach, joint
distributions over representations depend on whether they are semantically related:

(
N zj) o ifip=i 8r (i.e.xi, 2xi)
Pz 21, 5521 p(zi,) i ifi, 6is8rs

InNfoNCE implicitly employs this trick within sim (; ) to avoid parameterisation of each cluster.

To summarise, we have considered the loss functions of each category of predictive SSL and shown that:

1. despite their di erences, each has the form of s, and so emulates ELBQs; to induce a distribution
over representations comparable to the prior of the SSL Model; and

2. each method substitutes the reconstruction term of ELBOsg. by entropy H[p(z)], which causes represen-
tations of semantically related data z/ 2 z; to form distinct clusters (indexed by i), as in pss. , but those
clusters collapse and lose style information as representations (indexed ky become indistinguishable.
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Style information is important in many real-world tasks, e.g. detecting an object's location or orientation;
and is the main focus of representation learning elsewhere (Higgins et al., 2017; Karras et al., 2019). Thus,
contrary to the aim of general representation learning, our analysis predicts thatdiscriminative SSL
over-t to content-related tasks (discussed further in Appendix A.6).

Even restricting to predictive SSL, an exhaustive analysis of methods is infeasible, however, many other
methods adopt or approximate aspects analysed above. For example, SImCLR (Chen et al., 2020a) and
CLIP (Radford et al., 2021) use the InfoNCE objective. MoCo (He et al., 2020), BYOL (Grill et al., 2020)
and VicREG (Bardes et al., 2022) replace negative sampling in di erent ways but ultimately pull together
representations of semantically related data, modelling the prior; and push apart others, avoiding collapse
via a mechanism (e.g. momentum encoder, stop gradients or (co-)variance terms) in lieu of reconstruction.
DINO (Caron et al., 2021) assigns representations of pairs of semantically related data to the same cluster, as
in DC (Balestriero et al., 2023) but with J=2.

Lastly, we discuss how the SSL Model also provides a principled explanation for the connection between SSL
and mutual information drawn in prior works, and a plausible rationale for using a projection head in SSL.

4.3.1 Relationship to Mutual Information

InfoNCE is known to optimise a lower bound onmutual information (MI), | (x;x% = E[log %], (Oord
et al., 2018) and Eqg. 5 shows it lower bounds (z;z%. It has been argued that maximising Ml is in fact the
underlying rationale that explains contrastive learning (Hjelm et al., 2019; Ozsoy et al., 2022). Previous
works have challenged this showing that better MI estimators do not give better representations (Tschannen
et al., 2020), that Ml approximation is inherently noisy (McAllester & Stratos, 2020) and that the InfoNCE
estimator is arbitrarily upper-bounded (Poole et al., 2019). Note also that for disjoint x; (e.g. hon-overlapping

augmentation sets), the range of pointwise mutual information values isunbounded [ 1 ;Kk]; k> 1, yet using
the boundedcosine similarity function, sim(z;z%= %2[ 1;1] (e.g. Chen et al., 2020a) to model PMI

values outperforms use of the unbounded dot-product (see YA.%).Our analysis supports the idea that Ml is
not the fundamental mechanism behind SSL and explains the apparent connection: MI arises by substituting
entropy H[p(x)] for the reconstruction term in ELBO ss; as in predictive SSL methods. Rather than aide
representation learning, this is shown to collapse representations together and lose information.

4.3.2 Rationale for a Projection Head

Downstream performance is often found to improve by adding several layers to the encoder, termed a
projection head, and using encoder outputs as representations and projection head outputs in the loss
function. Our analysis has shown that the ELBOss objective clusters representations of semantically related
data while ensuring that all representations are distinct, whereas predictive SSL objectives collapse those
clusters. However, near- nal layers are found to exhibit similar clustering, but with higher intra-cluster
variance (Gupta et al., 2022), as also observed in supervised classi cation (Wang et al., 2022). We conjecture
that representations from near- nal layers outperform those used in the loss function because their higher
intra-cluster variance, or lower collapse, gives a distribution closer topsy, of the SSL Model.

5 Generative Self-Supervised Learning (SImVAE)

The proposed SSL Model (Fig. 1) has been shown to justify: (i) the training objectives of predictive SSL
methods; (ii) the more general notion that SSL pulls together / pushes apart representations; (iii) the
connection to mutual information; and (iv) the use of a projection head.

As a proposed basis for self-supervised learning, we look to provide empirical validation by maximising
ELBOss. to (generatively) learn representations that perform comparl'gbly to predictive SSL. Maximising
ELBOss. can be viewed as training a VAE with mixture prior psg (2)= y p(zjy)p(y) where representations
z2 z of semantically related data are conditioned on the samey, which we refer to asSimVAE .

6ln YA.5, we show that cosine similarity gives representations comparable to using softmax cross entropy (ID) but without
stored class parameters ; for each x;. Wang & Isola (2020) note this conclusion but do not consider the known PMI minimiser.
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Figure 4: Assessing information in representations. Original images (left cols) and reconstructions from
representations learned by generative unsupervised learning (VAE, -VAE, CR-VAE), generative SSL (our
SIMVAE) and discriminative SSL (SimCLR, VicREG) on Cifar10 ( |), CelebA (r). Discriminative methods
lose style information (e.g. orientation/colour).

In practice, it is well known that training a generative model is more challenging, at present, than training a
discriminative model (Radford et al., 2021; Tschannen et al., 2024), not least because it requires modelling a
complex distribution in the high dimensional data space. SImVAE performance is therefore anticipated to be
most comparable to other VAE-based approaches. Thus we add empirical support for the SSL Model by
validating the following hypotheses: [H1] SimVAE achieves self-supervised learningf distributions can be
well modelled; [H2] SIimVAE retains more style information than discriminative objectives; [H3] SimVAE
learns better performing representations than other VAE-based objectives.

Implementing SIimVAE. Testing hypotheses [H1-3] requires instantiating distributions in ELBOgg.. As
for a standard VAE, we assumep(xjz) and q(zjx) are Gaussians parameterized by neural networks. The prior

with small xed variance 2. Assuming a uniform distribution p( ) over their means (over a suitable space),
integrates out (see Appendix A.4) to give:
X
p@ziy) / expf 7, (2 2)%g; (6)

a Gaussian centred on the mean representation = Jl - Z). Maximising this within ELBO s can be

considered to pinch together representations of semantically related data.

While contrastive methods typically compare pairs of related representations ( =2), ELBO s allows any
number J to be compared. In practice a balance is struck between better approximating(zjy) (high J) and
diversity in a mini-batch (low J). Algorithm 1 in Appendix A.7.1 details the steps to optimise ELBO sg .

6 Experimental Setup

Datasets and Evaluation Metrics. We evaluate SImVAE representations on four datasets including two
with natural images: MNIST (LeCun, 1998), FashionMNIST (Xiao et al., 2017), CelebA (Liu et al., 2015) and
CIFAR10 (Krizhevsky et al., 2009). We augment images following the SimCLR protocol (Chen et al., 2020a)
which includes cropping and ipping, and colour jitter for natural images. Frozen pre-trained representations
are evaluated by ak-Nearest Neighbors k-NN; Cover & Hart, 1967)(k-NN) and a non-linear MLP probe
on classi cation tasks (Chen et al., 2020a; Caron et al., 2020). Downstream performance is measured in
terms of classi cation accuracy (Acc). Generative quality is evaluated by FID score (Heusel et al., 2017) and
reconstruction error. For further experimental details and additional results for clustering under a gaussian
mixture model and a linear probe see Appendices A.7 and A.8.

Baselines methods.  We compare SIimVAE to other VAE-based models including the vanilla VAE (Kingma

& Welling, 2014), -VAE (Higgins et al., 2017) and CR-VAE (Sinha & Dieng, 2021), as well as to state-
of-the-art self-supervised discriminative methods including SImCLR (Chen et al., 2020a), VicREG (Bardes
et al., 2022), MoCo (He et al., 2020) and its extension MoCo v2 (Chen et al., 2020b). As a lower bound,
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Acc-MP Acc- k-NN
MNIST Fashion CelebA CIFAR10 MNIST Fashion CelebA CIFAR10

Random 381 38 498 os 835 10 16:3 o0 46:1 25 665 04 800 o9 131 o6
SIMCLR 972 o0 749 o2 937 04 674 o1 | 972 o1 760 o1 91.6 o3 640 o0
MoCo 786 1.2 651 o4 91:2 o1 56:4 16 946 o3 769 o2 879 o1 54.0 20
MoCov2 946 o4 712 o1 917 o1 56:4 16 946 03 769 o2 888 04 540 20
VicREG 967 o0 732 o1 947 o1 697 o0 | 970 o0 760 o1 927 o4 68:3 00
VAE 978 o1 802 o3 89.0 os 30:3 o4 980 o1 837 o2 869 o7 256 o5

-VAE 980 o0 822 o1 934 o4 366 o1 983 o0 861 o0 920 o1 285 o1
CR-VAE 977 o0 826 o0 931 o4 368 o0 | 980 o0 864 o0 916 o6 281 o1
SimVAE 98:4 o0 821 o0 956 04 51:8 o0 | 985 o0 865 00 93:2 o1 471 o0

Table 1: Content retrieval. Top-1% classi cation accuracy(') for MNIST, FashionMNIST, CIFAR1O0,
and CelebA (gender classi cation) using a MLP probe (MP) and k-Nearest Neighbors k-NN) classi cation
methods; We report mean and standard errors over three runs; Bold indicates best scores in each method
class: generative (teal), discriminative methods (red).

we also provide results for a randomly initialized encoder. For fair comparison, the augmentation strategy,

representation dimensionality, batch size, and encoder-decoder architectures are invariant across methods. To
enable a qualitative comparison of representations, decoder networks were trained for each discriminative
baseline on top of frozen representations using the reconstruction error. See Appendix A.7 for further details
on training baselines and decoder training.

Implementation Detalils. We use MLP and Resnetl8 (He et al., 2016) network architectures for simple
and natural image datasets respectively. For all generative approaches, we adopt Gaussian posterioggzjx),
priors, p(z), and likelihoods, p(xjz), with diagonal covariance matrices (Kingma & Welling, 2014). For
SIimMVAE, we adopt Gaussianp(zjy) as described in Y5 and, we x the number of augmentations td =10
(see Fig. 8 for an ablation). Ablations were performed for all sensitive hyperparameters for each method and
parameter values were selected based on the best average MLP Acc across datasets. Further details regarding
hyperparameters and computational resources can be found in Appendix A.7.

7 Results

We assess content and style information retrieval by predicting attributes that are preserved (e.g. object class,
face gender) or disrupted (e.g. colour, position and orientation) under augmentation, respectively.

Content Retrieval. Table 1 reports downstream classi cation performance across datasets using class labels.
SImVAE outperforms predictive SSL for simple datasets (MNIST, FashionMNIST, CelebA), which empirically
supports H1, demonstrating that SImVAE achieves self-supervised learning where data distributions can be
well-modelled. SImVAE also materially reduces the performance gap () between generative and discriminative
SSL, by approximately half ( =32 :8%! 17:6%) for more complex settings (CIFAR10). The performance
improvement by SImVAE over other generative methods supportsH3.

Style Retrieval. We reconstruct MNIST, FashionMNIST, CIFAR-10, and CelebA images from represen-
tations to gain qualitative insights into the style information captured. Figures 3 and 4 show a signi cant
loss of orientation and colour in reconstructions from predictive SSL representations across datasets. CelebA
has 40 mixed labeled attributes, some of which clearly pertain to style (e.g. hair color). Removing those
with high-class imbalance, we evaluate classi cation of 20 attributes and report results in Figure 5. SimVAE
outperforms both generative and predictive SSL baselines at classifying hair colon€ft, middle). Across
all attributes ( right), SImVAE outperforms or performs comparably to both generative and predictive SSL
baselines. These results supporH2 qualitatively and quantitatively, con rming that discriminative methods

lose more style information relative to generative methods (Figure 5middle). Performance for each CelebA
attribute is reported in Figure 6 in Appendix A.8.

10



Published in Transactions on Machine Learning Research (09/2024)

Random 562 os
SIMCLR 520 o:2
MoCo 577 o2
MoCov2 594 o5
VicREG 528 o4
VAE 64:4 o3
-VAE 664 o4
CR-VAE 662 o4
SIMVAE 675 o3

Figure 5: Style retrieval on CelebA. (Acc-MP ") (left) hair colour prediction (mean and standard error over
3 runs, best results in bold); (middle) content vs. style prediction (gender vs hair colour), best performance
in top-right; ( right) Performance gain of SImVAE vs baselines (M) across all 20 CelebA attributes. From left
to right, lowest to highest mean score;

Image Generation. While generative quality is not relevant to our main hypotheses, out of interest we
show randomly generated SimVAE images and quality metrics in Appendix A.8. We observe small but
signi cant improvements in FID score and reconstruction error relative to previous VAE methods.

8 Conclusion

The impressive performance of self-supervised learning over recent years has spurred considerable interest in
understanding the theoretical mechanism underlying SSL. In this work, we propose a latent variable model
(SSL Model, Fig. 1) as the theoretical basis to explain several families of self-supervised learning methods,
termed predictive SSL , including contrastive learning. We show that the ELBO of the SSL Model relates

to the loss functions of predictive SSL methods and justi es the general notion that SSL pulls together
representations of semantically related data and pushes apart others.

Predictive SSL methods are found to maximise entropyH [p(z)], in lieu of the ELBO's reconstruction term.
Although this creates a seemingly intuitive link to the mutual information between representations that
was thought to explain contrastive methods, it in fact causes representations of semantically related data
to collapse together, losingstyle information about the data, and reducing their generality. Our analysis
also justi es the use of a projection head , the existence of which suggests caution in (over-)analysing
representations that are ultimately not used.

We provide empirical validation for the proposed SSL Model by showing that tting it by variational inference,
termed SIimVAE, learns representations generatively that perform comparably, or signi cantly reduce the
performance gap, to discriminative methods atcontent prediction. Meanwhile, SImMVAE outperforms where
style information is required, taking a step towards task-agnostic representations. SimVAE also outperforms
previous generative VAE-based approaches, including CR-VAE tailored to SSL.

Learning representations of complex data distributions generatively, rather than discriminatively, remains

a challenging and actively researched area (Tschannen et al., 2024). Balestriero & LeCun (2024) recently
highlighted the scale of the challenge for higher-variance datasets such as ImageNet (Deng et al., 2009). We
hope that the theoretical connection to popular SSL methods and the notable performance improvements
of SImVAE over other VAE-based methods encourages further investigation into generative representation
learning. This seems particularly justi ed given the potential for uncertainty estimation from the posterior, the
ability to generate novel data samples, and the potential for fully task-agnostic representations learned under a
principled rather than heuristic approach. The transparency of the SSL Model may also allow representations
to be learned that disentangle rather than discard style information (Higgins et al., 2017) through careful
choice of model parameters. The SSL Model thus serves as a basis for understanding self-supervised learning
and o ers guidance for the design and interpretation of future representation learning methods.
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A Appendix

A.1 Background: Relevant VAE architectures

The proposed hierarchical latent variable model for self-supervised learning (Fig. 1) is tted to the data
distribution by maximising the ELBO ss. and can be viewed as a VAE with a hierarchical prior.

VAEs have been extended to model hierarchical latent structure (e.g. Valpola, 2015; Ranganath et al., 2016;
Rolfe, 2017; He et al., 2018; Sgnderby et al., 2016; Edwards & Storkey, 2016), which our work relates to.
Notably, Edwards & Storkey (2016) propose the same graphical model as Fig. 1, but methods di er in how
posteriors are factorised, which is a key aspect for learning informative representations that depend only on
the sample they represent. Wu et al. (2023) and Sinha et al. (2021) combine aspects of VAEs and contrastive
learning but do not propose a latent variable model for SSL. Nakamura et al. (2023) look to explain SSL
methods via the ELBO, but with a second posterior approximation not a generative model.

A.2 Derivation of ELBO ss. and SimVAE Objective

Let x = fx!;::;x7 g be a set of] semantically related samples with common label (e.g. the indexi of
a set of augmentations of an imagex;). Let ! = f ; ; g be parameters of the generative model for SSL
(Fig. 1) and be the parameter of the approximate posteriorq (zjx). We derive the Evidence Lower Bound
(ELBO ss1 ) that underpins the training objectives of (projective) discriminative SSL methods and is used to
train SIMVAE (Y5).

min D [P(Xjy) kpr (xjy)] = max E - logpr (xjy)

hZ i
= max E g (zjx)logp (xjy)
[N Xy 7 .
= max b (zjx)lo p (xjz)p (zjy) q (ZJ'X)I
- max E o alEg Sy o @w)
he , N
= max E g (zjx)log PEPE DY+ Dy [q (zjx) kpr (2iX;Y)]
s a (i)
hZ n _ oi
max xI;Ey ] q (zjx) log z ((:jsz)) +log p (zjy) (cf Eq. ELBO)
hx nZ o .0 2 i
= max E q (Zjx)log -8HZL + g (zix)logp (ziy)
Eooxy zi z

i
(= ELBO ss1)

Terms of ELBOgg. are analogous to those of the standard ELBO:reconstruction error, entropy of the
approximate posterior H (g (zjx)) and the (conditional) prior. Algorithm 1 provides an overview of the
computational steps required to maximise ELBOss. under Gaussian assumptions described in Y5, referred to
as SImMVAE. As our experimental setting considers augmentations as semantically related samples, Algorithm 1
incorporates a preliminary step to augment data samples.

A.3 Detailed derivation of InfoNCE Objective

For data sample x;, 2 xi,, let xioo 2 Xj, be a semantically relatedpositive sample andfxi"r g‘.; be random
negative samples. Denote byx = fxio;xioog the positive pair, by X =fx?; :::;xiokg all negative samples, and
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by X = x[ X all samples. The InfoNCE objective is derived as follows (by analogy to Oord et al. (2018)).

Ex log E(y =0jX) (predict y = index of positive sample in X )
= Ex log p(y=0jz)q(zZjX) (introduce latent variables Z: Y ! Z ! X)
Z z
Ex g(ZjX)logp(y =0jz) (by Jensen's inequality)
z
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hZ o i
= Ex , q(ZjX)log P kp(ZpJ(zZ.%j,Z—?i:ﬁév—G%r)— - (Bayes rule, notep(y=r)= %; 8r)
a r=0 ' & : .
__h . B2 izig) . p(zf) | o
= Ex g(ZjX)log P+ EN )sg@ S (from sample similarity/independence)
Z r=0 ir io s6r is
hZ 0 o i
: P(z0yizio)=p(zy) - Q
= Ex ) q(ZjX)log P+ ;(zoojz- ):;(20 ) (divide through by EZO p(z2))
7 r =0 irlto ir,
= Ex ! a(ZjX)log P Py 710)2P(Zy) | (7
7 ,kzo p(z0 izig)=p(z0 )

The nal expression is parameterised using a similarity function sim(z; z% to give the objective.

: hZ sim(z° zi,)
L ince = Ex q(ZjX)log P——o—o——
Z r

; 0 .,
- S|m(zir,z.o)

Oord et al. (2018) show, and Poole et al. (2019) con rm, that this loss is a lower bound on the mutual
information, which improves with the number of negative samplesk.

L ince

hz p(zl ;2i0)=p(2)
E ZjX)log P22 2o T2,
X zq( 1X)log P 21720

hZ K i

Ex  dZjX)logp(z,jzl) log p(zi,jz2)+  p(zi,izd)
Z r=1

(multiply Eq. 7 through by p(z,))

hZ . X p(zi,izd ) i - .
Ex ) q(ZjX)log 1+ m (divide through by p(z,jz))
hZ r=1 Z
E ix)log 1+(k 1)E 0jx0) Polz).
X q(ZJX) 0g ( ) x? . q(ZJJXJ)p(Z‘OjZiO)
z!
] .

hZ
= Ex  qzix)log 1+(k 1)555%
hZ i
B« d@ix)log(k  1)55 50
hZ * o ’ 1
E q(zjx)logM t+log ——
X P(zig)p(z7,) (k 1)
hZ* X i
Ex  d (zix) logp(zjyi,) logp(z],)) +c
z j

In the last step, we revert to the terminology used in the main paper for ease of reference.

A.4 Derivation of parameter-free p(zijyi) = s(z;)

Instance Discrimination methods considerd =1 samplex; at a time, labelled by its index y; = i, and computes
p(xijy = i; i) from stored instance-speci c parameters ;. This requires parameters proportional to the
dataset size, which could be prohibitive, whereas parameter number is often independent of the dataset
size, or grows slowly. We show that contrastive methods (approximately) optimise the same objective,
but without parameters, and here explain how that is possible. Recall that the label i is semantically
meaningless and simply identi es samples of a common distributiorp(xjy= i) = p(xjy;). For J 2 semantically
related sar&olesxi = fx ng=1? xJiR p(xjya, their latent variables are conditionally independent, hence
p(zijyi) = p( )p(zijyi; i) = p( i) J- p(Zjyi; i) = s(zi), a function of the latent variables that
non-parametrically approximates the joint distribution of latent variables of semantically related data. (Note
that unsemantically related data are independent and the joint distribution over their latent variables is a
product of marginals).
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We assume a Gaussian priop( ;)= N( ;;0; ?1) and class—conditionalsp(z{j i)=N (zij; i1 2) (for xed
variance ?2).
Z A v _
p(zijyi) = p(zij i)p( i) = p( i) p(Z] i)
z v o b
/ expf 5 29 expf i (7 )%g
z' j

1 2 2 X j 2
= expf 542 (—= [+ (7 i))9
z oy
. . )
= et A 2% 2 2Z) i+(=+J) Dy

x

7 ! ] ]
_ 2= 24 1 X i\2 1 X j2 1 X iy2 *
= expf 7 (i (7= 2+ ) zi)‘g+expf 5=(  z =30 Z))9 )
' X X o X : :
I expt (0 2% ==t 2%+  ZZ))g
i i 6k

1 1 X j2 1 j Sk

=expf 5;2((1 —=%3) Z°+t ===3 ZZ))9
i 6k

I expf sty 229 (if kzk, = 1)

j6k

The result can be rearranged into a Gaussian form (a well known result when all distributions are Gaussian),
but the last line also shows that, under the common practice of setting embeddings to unit length Kzk, =1),
s() can be calculated directly from dot products, or cosine similarities (up to a proportionality constant,
which does not a ect optimisation).

If we instead assume a uniform prior, we can take the limit of the line marked (*) as !1

1 X j2 1 X jy2
expf 5 2% —=%5( 2)3g
. } j
2% L 2))g
j

I expf 2%((_

=expf L (( 2% 21z%+Jz%g

X
)e j2
=expf 2 (( Z°) Jz?)g
X
X X X
=expf (29 2z( Z)+ z°g
j j j
=expf 51 (2% 22z + z?qg

=expf 1, (2 z)%g
j

(€
A.5 Relationship between InfoNCE Representations and PMI

For data sampled x  p(x) and augmentationsx° p (x9x) sampled under a synthetic augmentation
strategy, Oord et al. (2018) show that the InfoNCE objective for a samplex is optimised if their respective
representationsz, z° satisfy

H .y 0
expf sim(z;2%g = c%; ©

18



Published in Transactions on Machine Learning Research (09/2024)

wheresim( ; ) is the similarity function (e.g. dot product), and c is a proportionality constant, speci ¢ to
X. Sincec may di er arbitrarily with  x it can be considered an arbitrary function of x, but for simplicity
we consider a particularx and xed c. Further, ¢ > 0 is strictly positive since it is a ratio between positive
(exponential) and non-negative (probability ratio) terms. Accordingly, representations satisfy

sim(z;2% = PMI(x;x% + (10)

wherec®= logc 2 R and PMI(x; x9 is the pointwise mutual information between samplesx and x°. Pointwise
mutual information (PMI) is an information theoretic term that re ects the probability of events occurring
jointly versus independently. For an arbitrary sample and augmentation this is given by:

p(x9 _  p (x9x).
pCOPd) ~ 2% pixd)

We note that p (x4x)=0 if x can not be augmented to producex® and that, in a continuous domain, such

as images, two augmentations are identical with probability zegp. Thus augmentations of di erent samples
are expected to not overlap and the marginal is given byp(x%= «P (x9x)p(x)=p (x9x )p(x ), wherex is

the sample augmented to givex®. Thus

PMI (x;x9 = log (11)

p (x9x) _ p (x9x) _  1=p(x ) o if x =x (i.e. x%is an augmentation ofx)

p(x9 p (xGx )p(x ) 0 ;. otherwise (12)

and PMI(x;x9 = logp(x) k> 0or PMI(x;x% = 1 |, respectively. Herek= logarg max, p(x) is a
nite value based on the most likely sample. For typical datasets, this can be approximated empirically by
Ni where N is the size of the original dataset (since that is how often the algorithm observes each sample),
hencek =log N, often of the order5 10 (depending on the dataset).

If the main objective were to accurately approximate PMI (subject to a constant ¢ in Eq. 10, e.g. to
approximate mutual information, or if representation learning dependedon it, then, at the very least, the
domain of sim( ; ) must span its range of values, seen above as frorh for negative samples to a small
positive value (e.g. 5-10) for positive samples. Despite this, the populaboundedcosine similarity function

(cossim(z; 29 = ”Z”ZZTW 2 [ 1;1) is found to outperform the unboundeddot product, even though the
cosine similarity function necessarily cannot span the range required to re ect true PMI values, while the
dot product can. This strongly suggests that representation learning does not require representations to

speci cally learn PMI, or for the overall loss function to approximate mutual information.

Instead, with the cosine similarity constraint, the InfoNCE objective is as optimised as possibléf represen-
tations of a data sample and its augmentations are fully aligned ¢ossim(z;z% = 1) and representations of
dissimilar data are maximally misaligned cossim(z;z% = 1, since these minimise the error from the true
PMI values for positive and negative samples (described above). Constraints, such as the dimensionality of
the representation space vs the number of samples, may prevent these revised theoretical optima being fully
achieved, but the loss function is optimised by clustering representations of a sample and its augmentations
and spreading apart those clusters. Note that this is the same geometric structure as induced under softmax
cross-entropy loss (Dhuliawala et al., 2023).

We note that our theoretical justi cation for representations not capturing PMI is supported by the empirical
observation that closer approximations of mutual information do not appear to improve representations
(Tschannen et al., 2020). Also, more recent contrastive self-supervised methods increase the cosine similarity
between semantically related data but spread apart representation the without negative sampling of InfoNCE,
yet outperform the InfoNCE objective despite having no obvious relationship to PMI (Grill et al., 2020;
Bardes et al., 2022).

A.6 Information Loss due to Representation Collapse: a discussion

While it may seem appealing to lose information by way of representation collapse, e.g. to obtain representations
invariant to nuisance factors, this is a problematic notion from the perspective ofjeneral-purposerepresentation
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learning, where the downstream task is unknown or there may be many, since what is noise for one task
may be of use in another. For example, “blur” is often considered noise, but a camera on an autonomous
vehicle may be better to detect blur (e.g. from soiling) than be invariant to it and eventually fail when
blurring becomes too severe. We note that humans can observe a scene including many irrelevant pieces
of information, e.g. we can tell when an image is blurred or that we are looking through a window, and
“disentangle” that from the rest of the image. This suggests that factors can be preserved and disentangled.

To stress the point that representation collapse is not desirable in and of itself, we note that collapsing
together representations of semantically related data xj would be problematic if subsets x; overlap. For
example, in the discrete case of word2vec, words are considered semantically related if they co-occur within a
fixed window. Representation collapse, here, would mean that co-occurring words belonging to the same x;
would have the same representation, which is clearly undesirable.

A.7 Experimental Details

A.7.1 SimVAE Algorithm

Algorithm 1 SimVAE

Require: data {x;}M,; batch size N; data dim D; latent dim L; augmentation set T ; number of augmenta-

tions J; encoder fg; decoder gg; variance of zly, o?;
for randomly sampled mini-batch {xi}, do
for augmentation ## [Tl1do

in' =t (xi); # augment samples
;L_J;,EJ; = f¢(le), # forward pass: z [pd(z|x)
zj [NI(pi, 3});
%] = go(2]); # % = E[x|z; 0]
end for
Lie=2 I =3 # minimize loss
et p—
L brior,= 3 j:l”(zji _Jl j:1zji)/0'||§
min( -, L. + Ly + L) wr.t. ¢,0 by SGD;
end for
return ¢,0;

A.7.2 Datasets

MNIST. The MNIST dataset (LeCun, 1998) gathers 60’000 training and 10’000 testing images representing
digits from 0 to 9 in various caligraphic styles. Images were kept to their original 28x28 pixel resolution and
were binarized. The 10-class digit classification task was used for evaluation.

FashionMINIST. The FashionMNIST dataset (Xiao et al., 2017) is a collection of 60’000 training and
10’000 test images depicting Zalando clothing items (i.e., t-shirts, trousers, pullovers, dresses, coats, sandals,
shirts, sneakers, bags and ankle boots). Images were kept to their original 28x28 pixel resolution. The 10-class
clothing type classification task was used for evaluation.

CIFAR10. The CIFARI0 dataset (Krizhevsky et al., 2009) offers a compact dataset of 60,000 (50,000
training and 10,000 testing images) small, colorful images distributed across ten categories including objects
like airplanes, cats, and ships, with various lighting conditions. Images were kept to their original 32x32 pixel
resolution.

CelebA. The CelebA dataset (Liu et al., 2015) comprises a vast collection of celebrity facial images. It
encompasses a diverse set of 183’000 high-resolution images (i.e., 163’000 training and 20’000 test images),
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each depicting a distinct individual. The dataset showcases a wide range of facial attributes and poses and
provides binary labels for 40 facial attributes including hair & skin colour, presence or absence of attributes
such as eyeglasses and facial hair. Each image was cropped and resized to a 64x64 pixel resolution. Attributes
referring to hair colour were aggregated into a 5-class attribute (i.e., bald, brown hair, blond hair, gray hair,
black hair). Images with missing or ambiguous hair colour information were discarded at evaluation.

All datasets were sourced from Pytorch’s dataset collection.

A.7.3 Data augmentation strategy

Taking inspiration from SimCLR’s (Chen et al., 2020a) augmentation strategy which highlights the importance
of random image cropping and colour jitter on downstream performance, our augmentation strategy includes
random image cropping, random image flipping and random colour jitter. The colour augmentations are only
applied to the non gray-scale datasets (i.e., CIFAR10 & CelebA datasets). Due to the varying complexity
of the datasets we explored, hyperparameters such as the cropping strength were adapted to each dataset
to ensure that semantically meaningful features remained after augmentation. The augmentation strategy
hyperparameters used for each dataset are detailed in table 2.

Dataset Crop Vertical Flip Colour Jitter
scale ratio prob. b-s-c hue prob.
MNIST 0.4 [0.75,1.3] 0.5 - - -
Fashion 0.4 [0.75,1.3] 0.5 - - -
CIFAR10 0.6 [0.75,1.3] 0.5 0.8 0.2 0.8
CelebA 0.6 [0.75,1.3] 0.5 0.8 0.2 0.8

Table 2: Data augmentation strategy for each dataset: (left
to right) cropping scale, cropping ratio, probability of vertical
flip, brightness-saturation-contrast jitter, hue jitter, probability of
colour jitter

A.7.4 Training Implementation Details

This section contains all details regarding the architectural and optimization design choices used to train
SimVAE and all baselines. Method-specific hyperparameters are also reported below.

Network Architectures. The encoder network architectures used for SimCLR, MoCo, VicREG, and
VAE-based approaches including SimVAE for simple (i.e., MNIST, FashionMNIST ) and complex datasets
(i.e., CIFAR10, CelebA) are detailed in Table 3a, Table 4a respectively. Generative models which include all
VAE-based methods also require decoder networks for which the architectures are detailed in Table 3b and
Table 4b. The latent dimensionality for MNIST and FashionMNIST is fixed at 10 and increased to 64 for the
CelebA and CIFAR10 datasets. The encoder and decoder architecture networks are kept constant across
methods including the latent dimensionality to ensure a fair comparison.

Layer Name Output Size Block Parameters Layer Name Output Size Block Parameters

fcl 500 784x500 fc, relu fcl 2000 10x2000 fc, relu
fc2 500 500x500 fc, relu fc2 500 2000x500 fc, relu
fc3 2000 500x2000 fc, relu fc3 500 500x500 fc, relu
fca 10 2000x10 fc fca 784 500784 fc

(a) Encoder (b) Decoder

Table 3: Multi-layer perceptron network architectures used for MNIST & FashionMNIST training

Optimisation & Hyper-parameter tuning. All methods were trained using an Adam optimizer until
training loss convergence. The batch size was fixed to 128. Hyper-parameter tuning was performed based
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Layer Name Output Block Parameters Layer Name Output Block Parameters

convl 32x32 4x4, 16, stride 1 fc 256x4x4  64x4096 fc
batchnorm, relu
3x3 maxpool, stride 2

conv2_ X 32x32 3x3, 32, stride 1 convl Xx 8x8 3x3, 128, stride 2
3x3, 32, stride 1 3x3, 128, stride 1

conv3_ X 16x16 3x3, 64, stride 2 conv2_ X 16x16 3x3, 64, stride 2
3x3, 64, stride 1 3x3, 64, stride 1

conv4_ x 8x8 3x3, 128, stride 2 conv3_x 32x32 3x3, 32, stride 2
3x3, 128, stride 1 3x3, 32, stride 1

convs_ X 4x4 3x3, 256, stride 2 conv4_ x 64x64 3x3, 16, stride 2
3x3, 256, stride 1 3x3, 16, stride 1

fc 64 4096x64 fc convb 64x64 5x5, 3, stride 1

(a) Encoder (b) Decoder

Table 4: Resnetl8 network architectures used for CIFAR10 & CelebA datasets

on the downstream MLP classification accuracy across datasets. The final values of hyperparameters were
selected to reach the best average downstream performance across datasets. While we observed stable
performances across datasets for the VAE family of models, VicREG and MoCo, SimCLR is more sensitive,
leading to difficulties when having to define a unique set of parameters across datasets. For VAEs, the
learning rate was set to 8¢~°, and the likelihood probability, p(z|z), variance parameter was set to 0.02 for
B-VAE, CR-VAE and SimVAE. CR-VAE’s A parameter was set to 0.1. SImVAE’s prior probability, p(z|y),
variance was set to 0.15 and the number of augmentations to 10. VicREG’s parameter y was set to 25 and
the learning rate to le-4. SimCLR’s temperature parameter, 7, was set to 0.7 and learning rates were adapted
for each dataset due to significant performance variations across datasets ranging from 8e~° to le~2. For
MoCo, the temperature parameter was fixed to 0.7, for MoCov2 to 0.2. To ensure a more fair comparison
between methods, we kept the augmentation strategy identical across methods and did not add blurring for
MoCov2 training.

A.7.5 Evaluation Implementation Details

Following common practices (Chen et al., 2020a), downstream performance is assessed using a linear probe, a
multi-layer perceptron probe, a k-nearest neighbors (kNN) algorithm, and a Gaussian mixture model (GMM).
The linear probe consists of a fully connected layer whilst the mlp probe consists of two fully connected layers
with a relu activation for the intermediate layer. Both probes were trained using an Adam optimizer with
a learning rate of 3¢~ for 200 epochs with batch size fixed to 128. Scikit-learn’s Gaussian Mixture model
with a full covariance matrix and 200 initialization was fitted to the representations using the ground truth
cluster number. The k-NN algorithm from Python’s Scikit-learn library was used with k spanning from 1 to
15 neighbors. The best performance was chosen as the final performance measurement. No augmentation
strategy was used at evaluation.

Computational Resources. Models for MNIST, FashionMNIST and CIFAR10 were trained on a
RTX2080ti GPU with 12G RAM. Models for CelebA were trained on an RTX3090 GPU with 24G RAM. We
observe that while the family of generative models requires more time per iteration, the loss converges faster
while discriminative methods converge at a slower rate when considering the optimal set of hyperparameters.
As a consequence, generative baselines and SimVAE were trained for 400 epochs while discriminative methods
were trained for 600 to 800 epochs.

A.7.6 Generation Protocol

Here we detail the image generation protocol and the quality evaluation of generated samples.
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Acc-LP Acc-GMM
MNIST Fashion CelebA CIFARI10 MNIST Fashion CelebA CIFAR10

Random 39.7 + 24 512+06 644 +09 157 o9 | 422+ 12 486 £o02 592 +03 131 +os
SIMCLR 96.8 +o01 73.0+03 942+02 654+01 | 83.7+06 53.6+03 T71.6+06 28.2+02

MoCo 88.6 + 1.7 65.0 + 1.3 - 533 +13 | 705 +40 56.6 + 1.1 - 52.4 + 0.3
VicREG 96.7 + 00 717 +01 943 +03 682 +00 | 7198 +06 60.2+11 539+02 350+28
VAE 97.2 +02 790+05 8l5+10 247 to4 96.3 £ 04 579 +0s8 588 +o02 234 +o.0

B-VAE 978 + 00 796 +00 8l9+o02 269+00 | 96.2+02 680+03 595 +06 31.2+01
CR-VAE 975 +00 797 +00 816+03 26.8+00 | 969 +00 634+04 589 +04 30.3+00
SIMVAE 98.0 +00 80.0+00 87.1+03 401 +to00 | 966 +00 71.1 +to00 584 +o06 39.3+00

Table 5: Top-1% self-supervised Acc (1) for MNIST, FashionMNIST, CIFARI10, and CelebA (gender
classification) using a linear probe (LP) and Gaussian Mixture Model (GMM) classification methods; We
report mean and standard errors over three runs; Bold indicate best scores in each method class: generative
(teal), discriminative methods (red).

Ad-hoc decoder training VAE-based approaches, including SimVAE, are fundamentally generative methods
aimed at approximating the logarithm of the marginal likelihood distribution, denoted as log p(x). In contrast,
most traditional self-supervised methods adopt a discriminative framework without a primary focus on
accurately modeling p(z). However, for the purpose of comparing representations, and assessing the spectrum
of features present in z, we intend to train a decoder model for SiImCLR & VicREG models. This decoder
model is designed to reconstruct images from the fixed representations initially trained with these approaches.
To achieve this goal, we train decoder networks using the parameter configurations specified in Tables 3b and
4b, utilizing the mean squared reconstruction error as the loss function. The encoder parameters remain
constant, while we update the decoder parameters using an Adam optimizer with a learning rate of le™*
until a minimal validation loss is achieved (i.e. [I0-80 epochs).

Conditional Image Generation. To allow for a fair comparison, all images across all methods are generated
by sampling z from a multivariate Gaussian distribution fitted to the training samples’ representations. More
precisely, each Gaussian distribution is fitted to z conditioned on a label y. Scikit-Learn Python library
Gaussian Mixture model function (with full covariance matrix) is used.

A.8 Additional Results & Ablations

Content retrieval with linear & gaussian mixture model prediction heads. 77 reports the top-1%
self-supervised classification accuracy using a linear prediction head and a gaussian mixture model. From 77,
we draw similar conclusion as with Table 1: SimVAE significantly bridges the gap between discriminative
and generative self-supervised learning methods when considering a supervised linear predictor and fully
unsupervised methods for downstream prediction. Table 6 report the normalized mutual information (INMI)
and adjusted rank index (ARI) for the fitting of the GMM prediction head.

Content & Style retrieval for all CelebA attributes. Figure 6 reports average classification accuracy
using a MLP probe (over 3 runs) for the prediction of 20 CelebA facial attributes for SImVAE, generative
and discriminative baselines.

Augmentation protocol strength ablation. Figure 7 reports the downstream classification accuracy
across methods for various augmentations strategies. More precisely, we progressively increase the cropping
scale and color jitter amplitude. Unsurprisingly (Chen et al., 2020a), discriminative methods exhibit high
sensitivity to the augmentation strategy with stronger disruption leading to improved content prediction.
The opposite trend is observed with vanilla generative methods where reduced variability amongst the data
leads to increased downstream performance. Interestingly, SImVAE is robust to augmentation protocol and
performs comparably across settings.
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